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Nonlinear Theory of Parametric Oscillator:
Steady-State Operation and Fluctuation
Analysis

ROBERTO CAZZOLA, GIANPIERO P. PONCINO, ELIO BAVA, ALDO GODONE, aND
GIAN PAOLO BAVA

Abstract —Parametric oscillators with a superconducting output cavity
are of great interest as sources of very high frequency stability. In this
paper, a careful analysis is performed for a parametric oscillator model
based on an abrupt junction varactor with fixed-bias voltage and ideal shunt
mode operation. Steady-state operation, transfer functions for amplitude
and phase fluctuations, and additive noise contributions are examined. An
overall estimation of system performance as regards to the phase instabili-
ties shows that, although the foreseen characteristics are less outstanding
than expected from a previously reported analysis, this device compares
favorably with the most important available sources based on atomic
transitions or on superconducting cavity-stabilized oscillators.

I. INTRODUCTION

ICROWAVE OSCILLATORS, locked to supercon-

ducting cavities, have reached very good stability
performance in the short and medium term [1}, [2] (o, ~
10~1 in the time interval 10-1000 s), useful in several
fields such as frequency and time metrology, and very long
baseline interferometry (VLBI). However, in some applica-
tions, mainly for fundamental physical research, sources
with improved stability would be highly desirable. To
achieve this goal, parametric oscillators with a supercon-
ducting output cavity have been proposed as good candi-
dates on the basis of theoretical evaluations [2], [3]. The
foreseen performance is based on a rather simple analysis
of the parametric oscillator [4] and accounts for thermal
noise only. Since these devices behave in a more complex
way than the usual negative resistance oscillator and are
affected by several noise sources of different origin, a more
accurate investigation of the steady-state operation and of
the influence of noise seems useful. According to this
analysis, the parametric oscillator still appears the most
promising microwave source as regards medium-term sta-
bility, though with performance less outstanding than that
anticipated. This result is mainly due to the transfer of
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(a) RF equivalent circuit of the oscillator. (b) Bias network.
Varactor parasitic parameters included in Z,,, Z,, Z,..

Fig. 1.

pump amplitude noise to the output phase fluctuation,
which turns out to be the most important instability contri-
bution. The thermal noise, though negligible, is mainly
generated in the idler mesh.

In the present paper, after the statement of the model
adopted for the oscillator, the nonlinear analysis of
steady-state operation is carried out. A design procedure
for maximum efficiency is analytically developed; devia-
tions from the optimum condition, fluctuations transfer,
and internal noise contributions are analyzed with the aid
of a numerical computation. A general performance
evaluation of an X-band oscillator, as regards the phase
and amplitude stability, is reported.

\

II. PARAMETRIC OSCILLATOR MODEL

In this section, a parametric oscillator, using a varactor
in “shunt diode” mode configuration is considered. The
equivalent circuit is shown in Fig. 1, where subscripts p, i,
and s refer to the pump, idler, and signal meshes, respec-

tively. The corresponding angular frequencies w,,w,, &,
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satisfy the relation w, = w, + w,. The subsequent analysis is
based on the following assumptions, most of which are
commonly adopted in the theory of varactor frequency
multipliers and parametric amplifiers [4}-[7].

1) The varactor parasitic parameters (series inductance
and resistance) are included in Z, (n = p, i, 5).

2) The impedances Z, have filtering characteristics so as
to allow the current flow only in a narrow band around the
corresponding resonance frequencies.

3) The detailed calculations are carried out for an
abrupt-junction varactor characteristic v(q).

4) In order to simplify the analytical expressions, w, and
w, will be assumed to satisfy the inequalities: w, # w;,
o, # 2w, w; * 2w;; however, some results for the degener-
ate case w, = w, (two meshes frequency divider) will also be
reported in Appendix L.

5) Only fixed-bias varactor operation is considered.

6) As regards the analysis of fluctuations (Section IV),
the impedances Z, = R/, + jX, are represented by simple
series-resonant circuits (R}, L,, C,).

The mathematical formalism in the following will be
essentially the same as that adopted in [5], except that now
the working frequencies are not harmonically related.
Therefore, the details of the analysis will not be completely
reported here.

The second assumption allows expressing the varactor
charge g as follows:

g=qo+Q, + 0/ + 0 (1)
when g, is the average charge value
0, =4q,(1)sin[w,t +¢,(1)]
and the amplitude and phase fluctuations g,(¢) and ¢,(¢)

are supposed to be slowly varying time functions.
According to assumption (6), the voltage V), across Z,, is

dq dg, d’g,
Vn(f)—{( ndn 2Ly 7" )(wn+—dT)+ann—3-}

dt
, 44, d’g,
.cos(wnt+q>n)+{Rn g o oz~ Lndn
2
Pn 4
(wn+ a ) + Cn}
-sin (w, +,). (2

After separating the in-phase and quadrature compo-
nents in the mesh equations for the circuit of Fig. 1, the
following system is obtained:

dq, do, d’,
(qus+2Ls 7 )(ws+ 7 )+qus 72

+F (1) =EX(t) (3a)

dq, . d’q,
Roge T4 a)tc

§

do
—‘qus(ws-,_ s) +i§:

+F (1) =E;(1) (3b)

dq do, d>
(R +2L,dt)( +7t—)+L,q,d2

+ FN(t)=EXt) (3¢)

d i ql
SR
+F(t)=E{(t) (3d)

dq, do, d’p,
(qup+2Lp7t)(wp 7 )+qup P

= v,c08(g, ~ @)+ E2(1) (3¢)

2
Ri@+Liq‘

e _qu(

2+ Fr(t)

2

dq, 9, de, 49,
— 7 — 4
R,— - t+1L, " o2 (w+ dt) p+F(z)
=v,sin(g, — @)+ EZ(1) (3f)
where
R,=R,+R,
R,=R,+R,

v(g)cos(w,t’'+¢,) dt’
v(q)sin(w,t’+¢,) dt’
e,(t")cos(w,t’+ @,) dt’

e, (t")sin(w,t’+@,) dt’

and e,(t’) are the internal equivalent noise sources. The
noise generators E’(¢) and E'(¢) can be shown to have a
white power spectral density with the value 2-e? [8].

The pump generator voltage is written as

V(1) = v,(t) cos (w,t + @ (1))

and the integration period T, is the common minimum
period corresponding to the three frequencies of interest,
assumed in rational ratios.

According to assumption (3), the varactor characteristic
is given by
1
o(a) =7, G

where V is the contact potential and C, is the zero-bias
capacitance.

By taking into account the inequalities of the assumption
(4) and by using the expressions (1) and (4) in the integrals
giving F" and F,”, we have

mg?, m=

F}=—mgq,q,cos(9,— @ —qo,) (5a)
= —2mqog, + mq,q,sin(p, —9,—9,)  (5b)
F!=—mq,q,cos(p, — ¢, ~ <P,-) (5¢)
'=—2mqyq, + mq,q,sin(p,—9,— @)  (5d)
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F? = mq,q;c05(9, — ¢, — 9;) (5¢)

Evp = _2mq()qp + mqsqiSin(q)p -9 (pt) (Sf)

If ¥V, is the bias voltage produced by an ideal generator
— 2+ g2+ q?

Vi=—Vy=—Votmg>=—V,+m qé+qs+q" :

(6)

Equations (3) and (5) are used in the following sections

as starting points for evaluating the stationary-state opera-

tion |all % = 0) and for studying the oscillator fluctua-
tions induced by the circuit noise sources.

IIL

The steady-state operation of the oscillator can be
analyzed by using system (3), when the condition d /dt =0
is set and terms induced by noise fluctuations are disre-
garded.

Recalling (5), the following set of equations is obtained:

(7a)

STEADY-STATE OPERATION

R.wg, — mq;q,cos Y, = 0

— X,0,q, —2mqyq, + mq,q,siny, =0 (7b)
R,0,q,— mq,q,cos =0 (7¢)
- lewlqt - zquqt + mqsqp sin \PO =0 (7d)

(7e)
(79)

R, w,q, + mq,q;cos Y, = v,c08 ¢,
— X, 0,9, —2myq, + mqq;siny, = v,sin g,
where
\P0=(pp—(pi_(ps (p0=(pp_(pg'

Obviously, to get a complete solution to the stationary
problem, one must consider the bias equation too, as given
in (6).

In order to excite parametric oscillations, the pumping
conditions must provide equivalent negative resistances in
the signal and idler meshes so as to equal all circuit losses.
This leads to the threshold value for the pump power as
will be found later.

A. Maximum-Efficiency Operation

The oscillator operation not only depends on the pump-
ing conditions, but also on the circuit parameters. In this
section, the circuit design is performed by maximizing the
efficiency of the pump-signal power transfer. Details of
this computations are given in Appendix I; the most im-
portant results are summarized here below.

The signal and idler operating frequencies for given w,
and filters characteristics, can be obtained by solving the
equations

X0, = X0,=X,0,. (8a)
Moreover, the average charge in the diode is given by
ann
Qo==""" (8b)
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Thus from (8b), g, being a negative quantity, it can be
inferred that all the reactances X, have to be inductive, as
expected since the diode capacitive reactance has to be
tuned out.

The maximum value of the efficiency 7,,,, is then

Mmax = %(1—‘/E)2 (9)

where
(10)

2
wswin rpr P’
k=——ERRR,.

2m°P,,

R}, R}, R}, are the loss resistances in the three meshes, and
P,, is the available pump power. 7., is a decreasing
function of k, that is, increases with the pump power; its
limiting value is w,/w,, as it is well known from the

Manley—Rowe relationships. )
The optimum generator and load resistances are given

by
R

g 1
— == 11a
R, k (112)
R, 1
== -1 11b
R, Vk (11b)

Since in (9) and (11) it must be k<1, the threshold
available pump power turns out as

0,0, 0

2
Py = #R;R;R;. (12)
This relation implies that for some definite frequencies,
diode characteristics, and internal losses, the circuit design
cannot be performed for values of P,, lower than the
corresponding P,. The threshold power obviously de-
creases with the loss resistances, as well as for w; approach-
ing w,.

Finally, one has to take into account that in order to
accomplish the maximum efficiency conditions, a proper
choice of the fixed-bias voltage is necessary, as it follows

from (6), (8b), and (A 5).

B. Effects of Pump Power, Pump Frequency, and Bias
Changes

It is worthwhile to examine the parametric oscillator
operation under conditions different from that of maxi- .
mum efficiency, in particular with respect to variations of
pump power P,,, bias voltage V,, and pump frequency f,.

This analysis is of some interest at least as regards the
noise behavior of the oscillator, as it will be seen in this
section and Section V.

For the numerical calculations, the values of circuit
parameters of Table I are assumed. They have been chosen
in view of an application to a highly stable microwave
oscillator using a superconducting output cavity, and fol-
low from the design criterion outlined in Section III-B.
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Fig. 2. Normalized signal frequency variations Q,Af, /f, and efficiency
7 in the limit Q, > Q, as a function of: (a) P,, (f, = 20 GHz, V,=1V),
(b) ¥, (f, =20 GHz, P,, =5 mW), and (¢) Af, (P,, = 5 mW, ¥, =1 V).
Continuous lines = Q A f, /f; dashed lines = .

TABLEI
CIRCUIT VALUES AND STATIC PARAMETERS OF THE ANALYZED
PARAMETRIC OSCILLATOR

wl0] [ om0 [y V)| mey 53] X181 | xle] | xle]

8.286 7.286 1 42.5 13, 667 30,369 24,847

= 20 GHz
= 11 GHz

H ! = 5 mw
8 i P av,

This means that the circuit parameters of Table I ensure
the maximum efficiency operation of the oscillator at f, =11
GHz for P,, = 5 mW, and f, = 20 GHz.

If the bias voltage and the pump power and frequency
are changed from the values assumed for the circuit design,
the quantities of interest can be calculated by solving the
system formed by (6) and (7), keeping R, R, and filter
characteristics constant.

The numerical results have been obtained by means of
the Newton—Raphson iteration method in matrix form,
which is well suited for nonlinear systems [9].

Typical results of the changes in the efficiency 5 (which
is given now by the general expression (A-1)) and the
output frequency Af,, due to variations in P,;, V}, and f,

av?

are shown in Fig. 2(a), (b), and (c) where

w,oL, 1 .
an—"n > W, = s n=p,is.
R, * /LG,
At varying P,;, V,, and f, the parametric oscillation is

possible only in a limited range of these “input” quantities,
whose extreme values are clearly seen in Fig. 2(b), while
only the lower values are reported in Fig. 2(a) and (c). In
each case, the operation with 7, is very close to one of
the limit values which can be interpreted as effective
threshold conditions. As a consequence, one must expect
that this point is critical.

The y-axis normalization of Fig. 2 yields a very good and
significant fit to the obtained numerical results when Q>
Q, (relative errors less than 1 percent for O, /Q, = 1000 are
presumed). In this case, as regards pump power and bias
voltage variations, the output frequency and efficiency
variations appear rather insensitive to the magnitude of Q,.

On the contrary, Fig. 2(c) shows a strong dependence of
Af, and n on the magnitude of the idler quality factor.
Anyway, the effect of Af, can be expressed, in accordance
with computations on system (7) and in the limit Q, > Q,,
as

R, R} O,

M=7R, R, O,

Af,. (13)

IV. FLUCTUATIONS IN A PARAMETRIC OSCILLATOR

Noise effects in a parametric oscillator are already in-
cluded in (3) and (6), however, this system can be lin-
earized assuming that pump amplitude and phase fluctua-
tions Av, and Ag,, respectively, are very small, that is
|Av,| < v, and |A@,| <1 rad. Similar conditions are con-
sidered for the thermal noise equivalent generators in the
three meshes. The linearized system is reported in Appen-
dix II as equations from (A-1) to (AI-7). The unknowns are
Aq,, Aq,, Aq,, Ap,, Ap,, Ap,, Aq, which represent the com-
plex amplitudes of the deviations from the static values
dp- @i> 95> Pp> Pi> Ps> 4o While v, and V), are the mean pump
amplitude and dc bias, respectively. @ in Appendix II is the
Fourier angular frequency of fluctuations.

Typical results of numerical computations are analyzed
in the following. Four cases are considered and the corre-
sponding static values are reported in Table II. A” and 4”
data refer to the maximum efficiency condition previously
considered, but with two different values of Q; B and C
data correspond to two nonoptimum situations.

The effects of pump fluctuations on the output signal are
shown in Figs. 3 and 4 as a function of £ /w,. In Fig. 3,
the amplitude-to-frequency (AM—~FM) and phase-to-phase
(PM-PM) transfer functions are given. The curves appear
rather flat at a value corresponding to the static perturba-
tion limit; a small variation occurs at the signal resonator
bandwidth limit while the effect of the idler resonator is
more pronounced. In Fig. 4, the amplitude-to-amplitude
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TABLE III
INFLUENCE OF THE BI1AS VOLTAGE FLUCTUATIONS IN THE STATIC
LiMIT
QA%{o;s av, /v,
CASE 20 log,, Avb/VbO 201og,, W
E::,; ~ 126 - 132
() - 137 - 1
(c) - 146 5
obtained as
. Avs / Uso Rg
lim A = -
@-0|A0, /U0 | R,—R,

The effects of bias voltage fluctuations on the output
signal are reported, in the static limit, in Table III. Only
these data have been computed since, in (6), the bypass
circuit for the bias generator was not included.

In Fig. 5, the effects of thermal noise in one of the
maximum efficiency conditions are shown for the tempera-
ture values indicated. For the other operating conditions
some improvement has been found both in the AM and in
the FM output spectra.

Change in the steady-state operation and in another
noise source, not included in the previous equation (3), are
due to the nonlinear surface impedance of the supercon-
ducting output cavity. The frequency shift caused by the
London penetration depth easily can be taken into account
with an appropriate value of the output circuit reactances.
The AM-FM fluctuations caused by the nonlinear surface
reactance can be evaluated on the basis of Halbritter’s

TABLEII
STATIC VALUES OF THE ANALYZED PARAMETRIC OSCILLATOR
PARAMETERS
P Vy -12 -12 -12 -12
CASE av’ b - 10 q, * 10 q, + 10 q 10 v, "

)l % 1P [P [P %1 ) ()

I 5 1 102 N
- 1.3190 0.2764 “1.1124 0.3495 0 o

an 5 1 103
B 7 1 102 |- 1.2747| 0.3048 | 1.1723 | 0.3684 | 45.56 15.14
c 5 0.7 102 - 1.2673 0.4297 0.7372 0.2316 49.96 5.60

f,=20 GHz, f, =11 GHz, Q, =10%.

(AM-AM) and phase-to-amplitude (PM-AM) diagrams
are reported. As regards the AM—AM curves for the maxi-
mum efficiency operation, the static limit can be also

work [10], and turn out to be negligible with respect to the
main noise sources already reported.

V. FREQUENCY STABILITY PERFORMANCE
EVALUATION

In the preceding sections, a careful analysis of a para-

metric oscillator using an abrupt junction varactor with
fixed bias has been carried out. It includes not only the
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static behavior, but also the dynamical fluctuations. Since
most of the practical interest of such devices regards the
realization of sources having very high stability in the short
and medium term, it is interesting at this point to evaluate
the overall stability performance that can be expected on
the basis of the theory previously developed.

The evaluation of the oscillator stability, in the frequency
domain, is performed by considering the power spectral
density of the output phase fluctuations S;( f) expressed in
decibels. This quantity can be computed by taking into
consideration the following contributions: amplitude and
phase fluctuations of the pump generator, bias voltage
source instability, and thermal noise. The numerical
evaluations have been carried out with reference to the
oscillator already examined in Sections III and IV, that is,
pump frequency 20 GHz, signal frequency 11 GHz, output
cavity operating at liquid He temperature with Q, =10%,
idler resonator with Q, =102, optimum pump power of 5
mW, and bias voltage of 1 V. A K-band pump oscillator
having a good amplitude and phase spectral purity was
considered; more precisely, its phase spectrum was as-
sumed as

Sp=[1.6-1073%2+1.6-10""] rad®>-Hz" %, f <100kHz

and spectrum of amplitude fluctuations as

(Avg(f)

Ugo

2
) =6.6-10"Hz"!, f<5MHz

The bias voltage was supposed, due to a battery having a
short-term fluctuation spectrum of

A 2
(M) =10"¥Hz"!, f<100kHz.
Vo

By using these data and the results of Table II11 and Figs.
3, 4, and 5, the contributions to the phase spectral density
of the output signal are obtained and plotted in Fig. 6.
From this diagram, one can see that the most significant
contribution is given by the AM—PM conversion, while the
thermal noise (the only one accounted for in Stein’s work
[3]) is by far less important. Moreover, in the present
analysis, the heaviest of the thermal noise sources is the
idler one. We can also mention that the S; level of all
contributions is strongly dependent on @, (they are
numerically proportional to Q. %) and that the oscillator
design for maximum efficiency does not appear as the best
choice from the stability point of view.

From a similar analysis performed on the output ampli-
tude fluctuations, it turns out that their overall spectrum is
approximately —160 dB/Hz for the optimum condition
(A", while it is —166 dB/Hz for case (C) of Table II. The
rolloff is determined by the signal cavity bandwidth.

The overall performance of the oscillator is summarized
in Fig. 7, where the characteristic of an X-band signal
obtained by direct multiplication from a highly pure 5-MHz
quartz oscillator [11] is also reported, for comparison pur-
poses.

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-31, No. 10, ocT. 1983

-50

Se [dB]

-100

INTERNAL
THERMAL
NOISE

-150

RN
N\
FIXED BIAS
\\VOLTAGE N
NGISE

10° 102 10* f(Hz) 108

Fig. 6. Contributions to the spectral density of phase fluctuations of the
output signal as a function of Fourier frequency for two operating
conditions of the superconducting output cavity oscillator: maximum
efficiency operation ((A4") of Table II, continuous lines) and nonopti-
mum bias voltage operation ((C) of Table II, dashed lines).
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Fig. 7. Overall spectral density of phase fluctuations Sg as a function of
Fourier frequency for the two cases (4”) and (C) of Table II (paramet-
ric oscillator) and an X-band synthesized signal (( D), as obtained from
a 5-MHz quartz oscillator).

In Fig. 8, the time domain stability of the parametric
oscillator with superconducting cavity (obtained from the
results of Fig. 7) is compared with the corresponding
values of a laboratory caesium primary standard and hy-
drogen maser [12]. From this diagram it appears that for
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highly stable generators: 4 Laboratory Cs primary standard [12]. B
Hydrogen maser [12]. C Superconducting cavity stabilized oscillator [1].
D’, D” superconducting output cavity parametric oscillator (theoretical
performance) with Q; =108 and @, =107, respectively.

observation times (7) less than some tenths of a second,
the parametric oscillator is the best frequency reference.
This characteristic has already been pointed out in Stein’s
paper [3] but, from the analysis performed in the present
paper, the advantage is not so outstanding. Moreover,
some limitations due to the physical conditions of the
superconducting cavity and to the refrigeration have not
been considered; these effects could further reduce the
stability previously evaluated.

VI

The analysis of a parametric oscillator model has been
carried out in order to evaluate the most important contri-
butions to amplitude and phase fluctuations.

It has been found that the main frequency instability
source is the AM—PM conversion; nevertheless, a paramet-
ric oscillator with a superconducting output cavity could be
the most stable source in the medium term.

This conclusion is supported by the comparison with the
Cs beam standard and the H-maser performance.

Although the reported numerical results refer to a well-
defined choice of circuit parameters and operation fre-
quencies, the most important oscillator characteristics are
believed not to depend substantially on the assumed
numerical values.

CONCLUSION

APPENDIX |
The oscillator power transfer efficiency is given by

P (0,,)"
n= P—L =4R,R, . (A1)
av g

The maximum 7, for given available pump power and
pump and signal frequencies, is obtained with a proper
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choice of R,, R, and V. This work is analogous to that
extensively performed for varactor frequency multipliers
[5] and will be only briefly summarized.

A. Three- Mesh Oscillator
Input matching, for maximum 7, requires
mq,q;co8 Yo
quP

R,=R,+ (A2a)

P, =9, (A2b)
where in addition to the loss resistance R; the input
resistance at the varactor terminals, as obtained from (7¢),
is considered in (A2a).

Combining (7) and (A2), the following expressions re-
sult:

1-R,/R
=f°_s____—.1’/ 4 (A3a)
@ 1+ R(/R,
T
[BRORD) -
cos?yy = 2;2’ ~R,R (R, +R}). (A3b)

av

The expression of 1 given by (A3a) has to be maximized
with respect to R, /R}, and R, /R; under the constraint

Y=0 (A4)

as wecan see from (A3b).

By this way the simple expressions of Section III are
obtained. Moreover, the following expressions for the
charge amplitudes turn out:

1 2P
q,=—/ == (A5a)
7 wp\/ R,
R,—R, P
T e (A5b)
(Oswp RL+R:' Rg

_ sts — 2 Rg - R;’ Pav
4=\ R 9" \/ o KR (A5c¢)

B. Two-Mesh Oscillator

If the idler mesh is suppressed and the output impedance
Z, allows the current to flow in a narrow band around
w,/2, a parametric frequency divider is obtained. In this
case, the divider equations are obtained by neglecting (3c)
and (3d), where now o, = w, /2, and replacing (5) for an
abrupt junction varactor with

F$=—myq,q,cos (29, — 9,)
Ff = —2mqyq, + mq,q,sin (g, ~29,)

F7= %mqchS(% -29,)

1,
Ff = —2mqoq, + 5 mq}sin(@, —2¢,).

By means of the preceding relations and of (3), the
steady-state operation of the divider is described by the
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equations
stsqs - mqsquOS 00 =0
- XstQS - zquqs + mqsqp sin 00 =0
1
R,0,q, + quf cos By = v,cos g,
1 . .
— X,0,4, - 2mqyq, + quf sin &, = v,sing,
where

00 = (pp _2q)s and Po = (pp - q)g'
Obviously, the bias equation (6) still holds, with ¢, = 0.
In the same way as before, taking into account the
matching conditions, the following expression comes out:
n, = 1-R, /R,
‘ 1+R,/R,
under the constraint
¥, =0.
n, is maximized by those values of R, /R;, and R, /R that
are solutions of

3 2
R R R
o Be) ys[Be) yafBe) - Lo
R, R, R, kq
R, _ 1
R R 2
f4
kd(—f+1
where
(0,) R R?
d= " A 24

2m?P,,

Since it must be k, <1 to get positive real solutions, a
threshold condition similar to that given by (12) can be
obtained. )

Once the characteristics of the signal resonator are
known, then the same considerations of Section III with
respect to X, g, and ¥V}, apply.

APPENDIX 11

According to the hypothesis of Section IV the fluctua-
tions in the amplitudes (Ag,) and phases (Ag,) of the
charges Q) and of g,(Ag,) due to the pump and bias
instabilities and due to thermal noise can be evaluated by
the following linearized system:

A mq, cos A A
1+2/0,, 2 | A% _ "4 Yo Ag, mg,cosy A,
Wy 90 sts 9o sts 9o
g, © g, ( 2\ m4g,sinyo
+ j_—_QSL_(—) - RP A(ps
qo @ o \ @5 sWsdo
mq, qp sin .4/0 mq, qp sin lPO ﬁ / ,
stqu i stqu P wsquO 4kTSRS

(A6)

[’5?
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Q Agy

Q 2
—QSL[I—'_(;S) :I do
mq,siney Ag, mg,sing, Ad,  2mg, Agy
Rw, g Re, do  Re g
g, Q  m4,q,co8y, ]
—12jo, 2t —+—L——|A
[ ]QsL stsqo Ps
mqiqpcos lPO

qo s
R s9s90

2mg,
RSwS

V2

_ mq, qp cos 4/0 =
q)p wsquO

stqu

JAKT, R,

(A7)

2

_ mg,cosy Ag,
Rl @, qO

Ag,
9o

_|_

i)
wS

5

. W,
1 +2.]Q1L:

mg.cosyo 84y _ d.d,510 o

R;w;q,
2
4 (9
qo @, W QiL 90 ( wi) (
mqsqp Sin 4/0

Rt w40 q)p

E 2_ mqsquin \PO
@ Riwth

s

+[&&£_

] Ag,

(A8)

2]

O
R, 0, 4,
Ag,
90
2mg, Aq

w,

maysingo Ag, [ 2, [1 s (
1L
mqs Sin 4/0 qu
R;w; 9o
mq,q,cos ¥,
Riwth
mq,q,cos ¥
Rtwqu
V2

q)p - szqu

_ 2mgq,
lel

(A9)

Ps

g e 0
—12j0., ==+
[ JQquO w, W,

mq,q,cos

szqu

] Ag,

JAKTR;

mg,cos Yy Ag,
R »%p qo

mg,cos Y, Ag,
R, 0, 4
w,

1+2jQpr—‘w—
p Ps

A4,
90
mq.q, sin ‘1/0 mq.q, sin lIJO
Roq

Rp""pqo ’ pp10
Q 2
o)

Gy w, 2 qp(‘*’s )2(
+ _ —— | ——
[ QPL 9o wp s

v,oSIinQ
g0 0 :| A(pp

+

_ mqul Sin lPO
R 9590

_ UgoCO8 @y Av,

90 wp W
R ,w,q,
UgOSIIl(pO

2 TR
Rpwpq0

rp
wapqO

(A10)

Rp‘*’pqo Uso
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quSin \PO Aqs mquin ¢0 Aql , Wy Q2
ot TR T e 0
R, 4 R0, 4o w, W
]
B T I I i I b A0 P’ 4
w, | \ R0, | 4o
B 2mgq, _A_q_q _ mq,q,cos Y, _ mg,q,cos Y, Ap
Rpwp 9o Rpwpqo y RpwpqO !
mq,q4,c08 ¥ . 9p @, & Ug0C05%
+ -2 == = A
[ R,0,4q, J QPLq w, », R,w,4q, P
v,oSing, Av, v, cO8p ) _
Y 2 4kT,R,
L RpwpqO UgO RpwpqO wapqO
(A11)
4,89, 4,89, 9 Ay A9y _ Vio AV,
=T
90 90 490 90 4o 4o do  mqy Vo
(A12)

where q,, ¥4, g, U0, Vo define the static working point
and “A” accounts for the deviations from such a condition;
Q,;=w,L,/R,, kis Boltzmann’s constant, and T, are the
absolute temperatures of the corresponding resistances.
Obviously, since the different noise sources are uncorre-
lated, their power contributions at the output must be
evaluated separately and then added.

It can be observed that the current phase fluctuations
Ag,, Ap,, and Ag, are independent variables in the system
(A6)—(A12) whereas in the steady-state operation only the
phase differences ¥, and ¢, are independent.

The known terms of the system (A6)-(A12) account for
pump and bias voltage fluctuations and thermal noise of
the circuit loss resistance. The transfer functions for ampli-
tude and phase fluctuations and the additive noise contri-
bution of the parametric oscillator have been computed by
solving the system (A6)-(A12) numerically, and typical
results are discussed in Section IV.
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